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THE HOMFLY POLYNOMIAL OF KNOTS WITH FREE PERIODS

NAFAA CHBILI

1. DEFINITIONS AND EXAMPLES

Definition 1. Let p > 2 be an integer. A link L in S? is said to be freely p-periodic
if and only if there exists an orientation preserving diffeomorphism h : 3 — S3
such that:

1) A’ has no fixed points for all 1 <7 <p—1,

2) h? = Idgs,

3) h(L) = L.

Example. The torus knot 5; = T(2,5) is the intersection of ¥ = {(z1,2) €
CxC;27+ 25 =0} and S5
h - S3 — 93

2im 24

(z1,22) — (€73 2z, eTﬂzg).

h(51) = 51 hence 5; is freely 3-periodic.

Remark. Let p > 2 and ¢ an integer. Consider the diffeomorphism ¢, , given by:
Opg: S — 93

(z1,29) +—— (e%zl, e 29).

If ged(p, ¢) = 1 then ¢, 4 is an orientation preserving diffeomorphism of order p and
¢,.4 has no fixed point for 1 <7 < p —1. Moreover, we have a p-fold cyclic covering

(ﬂ-pvfb 537 L(pa Q))

If ¢ = 0 then ¢, ¢ is a 27 /p-rotation around a circle A. A link which is disjoint from
A and invariant by ¢, is said to be p-periodic.

Definition 3. Let p > 2 and ¢ an integer such that gcd(p,q) = 1. A link L of S?
is said to be a (p, q)-lens link if and only if L is mapped onto itself by ¢, .

Conjecture. Let p be a prime and h : S® — S3 an orientation preserving diffeo-
morphim of order p such that for all 1 < i < p — 1, h* has no fixed points. Then
there exists an integer g such that h is topologically conjugate to ¢y 4.

This conjecture is solved for p = 2 and 3.
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2. COMBINATORIAL DESCRIPTION OF FREELY PERIODIC LINKS
Let n > 2 and B,, the braid group.
Bn = <0'1,0'2, .. ~7Un—1|0i0j = 0,05 if |’L—]| Z 2 and 0;0;+10; = cri+1cricri+1,‘v’1 S 1 S TL—2>

Let Q,, := (0103...0,_1)" a generator of the center of the braid group B,.

Theorem 1. A link K of S® is a (p, q)-lens link if and only if there exists an integer
n # 0 and an n-tangle T' such that:

K = Tp<0'10;;n71>nq-

In other words a (p, ¢)-lens link is obtained from a p-periodic link by ¢ full twists
along a disk.

Consequences.

—

1) The knot 945 is a (3, 1)-lens knot. Indeed 943 = (T'o; )37 where T is the follow-

>

FIGURE 1
2) The torus link 7'(n, ng+ap) is a (p, ¢)—lens link. Furthermore, we can prove that:

T(n,m) is a (p,q)—lens link <= p divides m — nq.

3. THE HOMFLY POLYNOMIAL

The HOMFLY polynomial is an invariant of ambiant isotopy of oriented links, de-
fined by:

(i) Pov,z)=1
(i) v 'Pr, (v,2) —vPp (v,2) = 2P, (v, 2),

where () is the trivial knot, L,, L_ and Ly are three oriented links which are
identical except near one crossing where they look like in the following figure:

yad N T
/ A ZaW

FIGURE 2
If L is an n—component link then we have P (v, z) = Z P (v)2" ™
i>1

In particular, if L is a knot, then Pp (v, 2) = Py 1(v)+ Pa,p(v)2*+- - -+ Pa,. 1,2*" where
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P2i,L c Z[Ujﬁ].

Notations. For p prime, let ¥, = Z/pZ, and Py; 1(v), the reduced modulo p of
P2i7L(U).

Theorem 1. Let p be an odd prime, ¢ = £1 and K a (p, q)-lens knot. Then
Py k(v)y € Ap g, where A, is the F,[v*?P]-module generated by Py r(a,aqip)(v), for
alll <a<p-—1.

Corollary 1. Let K be a (5,+1)-lens knot. Then Py (v)s = Y. agv* where :
A10k+4 = 2010k+2 and aiop16 = 2a10x+8 for all integer k.

Theorem 2. Let p > 3 be a prime, ¢ = +1 and K a (p,q)-lens knot. Then
P, k(v), € Tpq, where T, is the F,[v=*]-module generated by P 1(a,aqip)(v), for
alll<a<p-1.

Corollary 2. Let ¢ = &1 and K a (5,q)-lens knot. Then P, g(v)s € Fs[v*'0]-
module generated by v,

4. SKETCH OF THE PROOF OF THEOREM 2.

Let T'., T and T, be three n—tangles which are identical except near one crossing
where they look like in the figure 2.

o —

Notation: D, :=T7Q% , D_ = TP and Dy = T/é’ﬁﬂ.

If D, is a knot, then D_ is also a knot. However there is two cases for Dj.

First case: Dy has 2 components D; U Ds, each component is a (p, ¢)-lens knot.
Second case: Dy has (p + 1)-components Dy U Dy U --- U D1, such that Dy is a
(p, q)-lens knot, the other components are identical and cyclically permuted by the
lens action.

Lemma 1. Let p be a prime. The following congruence holds modulo p:

v PPp, (v,2) —vPPp_(v, 2) = 2’ Pp,y(v, 2).

Lemma 2. Let p > 5 be a prime.

i) If Dy has two components then:

vPPyp, (v)y = V" Pyp_(v)p =0

ii) If Dy has p + 1 components then:

VPPyp, (v)y = P Pap_(v), = M vTt = 0)P Py p, (v)(Po,p, (v))P.

Proof. From lemma 1,

v PPy p, (v)p — V" Py p_(v)p = P3_(p11),00(V)p-
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Ps_(p41),0,(v) can be computed by the Kanenobu-Miyazawa formula:

Let n > 3 be an integer and L =, Ul U--- U, an n-component link then:

P3—n,L('U) = v2>\(vil - 'U)n72 Z(U_Q)\i’jPLLi,j (U) H PO,lk ('U))

i<j . k#i,j
—(n = 2o 07 = )" (P, (v) [ ] Pou, (v))
i=1 i

where L, ; denotes the 2-component link I; Ul;. \;; = lk(l;,l;) and X is the total
linking number of L.

Notation. Let I, , be the F,[v**"]-module generated by Ps 1(nng+p)(v)p, for all n
such that ged(n,p) = 1.

The proof of theorem 2, will be done by induction on the number of crossings of the
tangle T

Lemma 3. P, p (v), € I, if and only if P, p_(v), € T}, .

Lemma 4. Every (p, q)-lens diagram may be transformed into a (p, q)-lens closed
braid by a series of operations D < D_ without increasing the number of crossings.

Lemma 5. Let B be an n-braid. The (p,q)—lens braid BPQ¢ may be transformed
into the torus knot T'(n,nq + p) by a series of operations D, < D_.

Finally, we adapt the D, <> D_ operation to torus knots of type T'(n,nqg + p). By
this operation we extract a finite set of generators for I, .

5. APPLICATIONS

Let p =5 and ¢ = 1. We apply Theorem 1 and Theorem 2 to the 250 knots with
less than 10 crossings.

The Fy-criterion does not decide for 48 knots.

The Fy-criterion does not decide for 6 knots, 41, 71, 819, 91, 1091, 10704.

If we combine both criteria, they fail to decide for three knots: 7;, 819 and 9;.

But we know that: 7, =7(2,2+5) and 9; = T'(2,4 + 5) are (5, 1)-lens knots.
Also, 819 = T'(3,4), 5 does not divide 1=(4-3). Consequently 89 is not a (5, 1)-lens
knot. However, it is a (5, 2)-lens knot.
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