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DELTA UNKNOTTING OPERATION AND VASSILIEV
INVARIANTS
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ABSTRACT. After their works of Goussarov and Habiro, it is known that a local
move called C),-move is strongly related to Vassiliev invariants of order less than
n. Let K be a knot, and K the set of knots obtained from a knot K by a
single Cy,-moves. Let V,, be the set of Vassiliev invariants of order less than or
equal to m (m > 2), and V,,,K the value set {(v,{v(K)}xek)}vev,, for a set
of knots L. Our main result is the following: If mi, ms are sufficiently greater
than n, then there exists a pair of knots K7, Ky such that V,,,, K1 = V,,,, Ko, and
Vi, K 10 " % Vi, KQC ", In other words, the C,, Gordian complex is not homogeneous
with respect to Vassiliev invariants. In this note, we will study the case n = 2.
Here, a Co-move is a A unknotting operation.

1. INTRODUCTION

For two link diagrams K and L which differ only in one place as in Fig. 1, a local
move between K and L is called a A unknotting operation, or briefly a A move.
It is known the following result by Matveev [Ma] and by Murakami and the first
author [MN].
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Proposition 1. Two knots can be transformed into each other by a finite sequence
of A mouves.

For a knot invariant v which takes value in some abelian group, v can be extended
to an invariant of singular knots, where a singular knot is an immersion of a circle
into R3 whose songularities are transversal double points. An invariant v is called
a Vassiliev invariant of order n, if n is the smallest integer such that v vanishes on
all singular knots with n double points or more. If a knot invariant is a Vassiliev
invariant of order m for some integer m, it is called an invariant of finite type. The
Vassiliev invariant of order 0 and 1 is known to be trivial. The coefficient of 2" term
in the Conway polynomial is known to be a Vassiliev invariant of order n. After
their works of Goussarov [G] and Habiro [H], it is known that a local move called
C,-move is strongly related to Vassiliev invariants of order less than n as follows. It
is a generalization of Proposition 1.
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Proposition 2. Two knots have the same value for each Vassiliev invariant of order
less than n if and only if the two knots can be transformed into each other by a finite
sequence of Cy,-moves.

The following fact is an observation on a topic whether such a relationship between
C,-moves and Vassiliev invariants is natural or not. We consider the case of a Cs-
move (A move).

Theorem 3. (1) For j polynomials with variables z, Vi(z) = 1 + ag2® + afli)z4 +
cee 4 ag?bjz%f (1 < i < j), there exists a pair of knots Ky and K, such that
VKl(z) = VKQ(Z), VKIA(Z) 3 Vl(z), e ,Vj(z), and VKQA(Z) > Vl(Z), ceey Vj(z)
(2) If integers my and my are sufficiently greater than n, there exists a pair of knots
Ky and Ky such that V,,, K1 = Vp,, Ks, and that VmQKlA =+ VmQKQA.

We remark that there are no dependence between integers m; and ms. If we take
my greater, then the condition becomes stronger. If we take my less (but necessarily
greater than n), the condition becomes stronger. The reason why the coefficients of
2? terms in V;(z)’s are the same is from the Okada observation in [Ok].

2. SURGICAL DESCRIPTION

It is well-known that any knot can be transformed to a trivial knot by crossing-
changes at suitable crossing points. Every crossing-change is obtained by a =41
surgery along a small trivial knot around the crossing point with linking number
0. Levine [L] and Rolfsen [R1, R2] introduced a surgery description of a knot as
follows:

Proposition 4. Let K be a knot, Ky a trivial knot. Then, there exist n disjoint
solid tori Ty, ..., T, in S* — Ky and a homeomorphism ¢ from S® —°Ty U---U°T,
to itself such that

(2) ThJ---UT, is a trivial link,

(3) k(7;, Ko) = Ik(T;, K) = 0 for each 1,

(4) ¢(0T;) = OT; and lk(ut,T;) = 1 where p; C OT; is a meridian of T; and
i = ¢~ (wa)-

From a surgery description, we have a surgical view of Alexander matrix of the
knot as follows:

Proposition 5. Let K be a knot. Then, K has an Alexander matriz My = (m;;(t))
of the following form:
(1) my;(t) = my(t™),
(2) |mi;(1)] = 645,
, 1 ifti=y
where the Kronecker’s delta 6;; = {0 if i
3. PROOF OF THEOREM 3

It is known that the relationship between the Alexander polynomial and the Con-
way polynomial for a knot K: V(712 —1/2) = Ag(t). Let Ay(t) = V(712 —1/2)
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(1 <1< j). It is also known that any Alexander polynomial can be realized by a
knot with unknotting number 1 (see [K], [S]).

For the polynomial V,1(2) = 1 — jag2?, let Aj 1 (t) = Vi (t7Y2 — t1/2). Let
K* be a knot with unknotting number 1 and Ag+(t) = (A1Ay---A;A;11)?. For
the polynomial V. 2(2) = 1 — (ag & 1)2%, let Ajyo(t) = Vit V2 — /%), Let
K** be a knot with unknotting number 1 and Ag«(t) = Ajio(f). Let Ky =
K#K*#K*#K*#K**. Then, K; has a surgical view of Alexander matrix of the
following form:

j+1
[T2:(2)* 0 0 0 0
=1
41
0 [T2:(2)? 0 0 0
i j1
0 0 [T2:(2)? 0 0
= j1
0 0 0 [Ja:iz2 o
=1
0 0 0 0 Aj+2(2)

A A move is realized by twice crossing changes. If K] is obtained from K; by a
single A move, then K] is obtained from K; by twice crossing changes. Therefore,
K7 has a surgical view of Alexander matrix of the following form:

j+1
[2:(2) 0 0 0 0 % =
= Jj+1
0 [2:(2)? 0 0 0 % =
= Jj+1
0 0 []2:(2)? 0 0  x =
= j1
0 0 0 [Taz> 0o+ =
i=1
0 0 0 0 Ajia(z) * *
* * * * * *
* * * * * * ok

If Ag/(t) = Ai(t), then we have the determinant of the above matrix is £A;(t).
We consider the equation modulo (A;(¢))?, which becomes a contradiction. There-

fore, we have vKlA(Z) Z Vi(2),Va(2),...,V;(2).

Let K be a knot with unknotting number 1 and Ay, (t) = Ag, (t), (or a knot with
unknotting number 1 and V,,, K1 = V,,, K3 (see [OTY], [Oh])). By the following
Lemma, it can be seen that Va(z) 3 Vi(z), Va(z),..., V(). Hence the proof is
complete.
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Lemma 6. Let K be a knot with algebraic unknotting number 1. For a set of
integers aby = ao(K) + 1, and arbitrary integers ab; (i = 2,3,...,{), there exists a
knot K € K2 with Vi/(2) = 1+ ah2® + ajz* + - - - + a2

Here, a knot with algebraic unknotting number 1 means that a single crossing-
change yields a knot with the trivial Alexander polynomial (cf. [Mk1]).

Proof of Lemma. Since K is a knot with algebraic unknotting number 1, there
exists a crossing at which the crossing-change yields a knot with the trivial Alexander
polynomial. We consider such a crossing as in the left of Fig. 2. We transform this
part of K to the right of Fig. 2. Here, mo, ..., m, are numbers of left-handed full-
twists. In a negative case, it means |m;| right-handed full-twists. By the parallel
argument to that in [Mk2], the difference of the Conway polynomials is 2% — (mqy +
Dzt + (=12 (my_y + 1)2%72 + (=1)"'my2?%. The proof is complete.
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