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STRONGLY N-TRIVIAL 2-BRIDGE KNOTS AND LINKS

ICHIRO TORISU (AKITA UNIVERSITY)

A knot K in S3 is called strongly n-trivial if there exist n + 1 crossings contained
in a diagram of K such that the result of any 0 < m ≤ n + 1 crossing changes
on these crossings is the trivial knot. In [3], Howards–Luecke showed that if K is
non-trivial and strongly n-trivial, then n is less than 6g(K) − 3, where g(K) is the
genus of K. In particular, the trivial knot is the only knot that is strongly n-trivial
for all n ([3, Corollary 1.5]). It is also known that Vassiliev invariants of orders ≤ n

vanish for strongly n-trivial knots. Further, in [1], Askitas–Kalfagianni have had
more algebraic estimations and restrictions of strong triviality of knots. (In [1], a
strongly n-trivial knot is called (n + 1)-adjacent to the trivial knot.) For example,
they showed that for n ≥ 2, the Alexander polynomial of strongly n-trivial knots is
trivial ([1, Theorem 1.2]). For examlpe, we easily find that the trefoil knot and the
figure-eight knot are strongly 1-trivial (Figure 1) and by the Askitas–Kalfagianni’s
theorem, these knots fail to be strongly n-trivial for n ≥ 2.

In this talk, we report on a theorem on strong triviality of 2-bridge knots which
is proved by combining Dehn surgery techniques in [2], [6], [7], [8].

Our theorem is the following ([9]).

Theorem 1. A 2-bridge knot is strongly n-trivial for n ≥ 1 if and only if it is the

trivial knot or the trefoil knot or the figure-eight knot.

Remark 2. (i) The unknotting number of strongly n-trivial knots is one by definition.
Actually, the proof of Theorem 1 is similar to Kanenobu–Murakami’s theorem in [5]
which determines 2-bridge knots with unknotting number one.
(ii) The speaker does not know whether Theorem 1 can be obtained by purely
algebraic methods.
(iii) A knot K is n-adjacent to a knot K ′ (K

n

−→ K ′) if there exist n (generalized)
crossings contained in a diagram of K such that the result of any 0 < m ≤ n + 1
crossing changes on these crossings is K ′. Note that K

n

−→ K ′ does not imply
K ′

n

−→ K. Kalfagianni–Lin have obtained deep results on n-adjacency of knots
mainly by geometric arguments (ex. see [54]).
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(iv) We may also consider strongly n-trivial links. For 2-bridge links, a theorem
similar to Theorem 1 can be proved by a same argumunt [10]. Recently, however,
Tsutsumi [11] announced that there are very strong geometric restrictions to strongly
n-trivial links, which extensively include the 2-bridge link case. See his draft in this
volume!

References

1. N. Askitas–E. Kalfagianni, On knot adjacency, Topology and its Appl., 126 (2002), 63–81.
2. M. Culler–C. Gordon–J. Luecke–P. Shalen, Dehn surgery on knots, Ann. of Math. (2), 125

(1987), 237–300.
3. H. Howards–J. Luecke, Strongly n-trivial knots, Bull. London Math. Soc., 34 (2002), 431–437.
4. E. Kalfagianni–X.-S. Lin, Knot adjacency, genus and essential tori, preprint with an appendix

by D. McCullough.
5. T. Kanenobu–H. Murakami, Two-bridge knots with unknotting number one, Proc. Amer. Math.

Soc., 98 (1986), 499–502.
6. K. Miyazaki–K. Motegi, Seifert fibered manifolds and Dehn surgery III, Commun. Anal. Geom.,

7 (1999), 551–582.
7. J. M. Montesinos, Surgery on links and double branched coverings of S3, Ann. of Math. Studies,

84 (1975), 227–259.
8. K. Motegi, Knot types of satellite knots and twisted knots, Lectures at Knots’ 96 (ed. Suzuki,

S.), World Scientific. Ser. Knots Everything., 15 (1997), 73–93.
9. I. Torisu, On strongly n-trivial 2-bridge knots, to appear in Math. Proc. Cambridge Philos.

Soc.
10. I. Torisu, A remark on two-bridge links with strong triviality, preprint.
11. Y. Tsutsumi, lecture in this conference.

Department of Computer Science and Engineering, Faculty of Engineering and

Resource Science, Akita University, 1-1 Tegata Gakuen-cho, Akita-shi, Akita 010-

8502, Japan

E-mail address : torisu@math.akita-u.ac.jp


