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ON CONWAY POLYNOMIALS OF STRONGLY n-TRIVIAL
KNOTS AND KNOTS OBTAINED FROM BRUNNIAN LINKS

YUKIHIRO TSUTSUMI

ABSTRACT. Let L = ky U --- U k,, be an m-component Brunnian link in S3.
Namely L — k; is an (m — 1)-component trivial link in S®. We denote by K; the
knot obtained from k; by performing +1-twist along each component of L — k;.
Then it follows from the Casson surgery formula that |az(K;)| coincide, where
as denotes the second coefficient for the Conway polynomial V. When m = 2,
there are no other restrictions. When m = 3, there are some other restrictions.
When m > 3, Vg, (z) = 1. As an application, we show some properties of the
Alexander polynomial of strongly n-trivial knots/links. We also show that any
strongly n-trivial link is a boundary link and has a closed essential surface in the
complement.

1. INTRODUCTION

In this note, we report recent results on strongly n-trivial knots and links (defined
in §2), and review some related results in [19]. Let K be a knot in an integral
homology 3-sphere H. We denote by Ag(t) the symmetric Alexander polynomial
of K which can be written as Ag(t) = 1 + > ag(t7/? — t1/2)% where ay; denotes
the 2ith coeflicient of the Conway polynomial V(z). Then we recall that as(K) =
1A’(1). For a rational number v, we denote by x(X; (K,7)) the object obtained
from an X by 7-surgery on K.

In 1985, A. Casson introduced an integer valued invariant A\ for oriented integral
homology 3-spheres which satisfies the following properties:

e \(S3) =0

o Mx(H; (K, 1/n))) = MH) = naa(K).
The last equality is called the Casson surgery formula ([1], [14], [8]). Let Lo, =
kiU ---Uk,, be an m-component Brunnian link in S3. Namely Ly, — k; is a trivial
(m — 1)-component link. Denote by K; = x(k;; (kj, —1);.i) the knot obtained from
k; by adding a single full twist along each component of Ly — k;. It follows from the
Casson surgery formula that as(K;) = a2(Kj;) for every i, j because the —1-surgeries
on K; yield the same integral homology sphere. Motivated by the Casson surgery
formula, the author and H. Yamada [19] showed the following:

Proposition 1.1 (cf. [19, Theorem 1.1]). Given two polynomials
o filz) =1+ a2’ +biaz" + -+ byop 2™
o fo(2)=1+az*+ b2,4z4 4+ b2,2m222m2
where a, b; ; € Z, there is a 2-component Brunnian link Ly = ki U ke such that
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* Vi (2) = f1(2)
* Vi, (2) = fa(2) O

This was shown in the proof of [19, Theorem 1.1]. The construction of Ly is
explicit as in Figure 1, where ¢; ; = (—1)7b; ; and [c] represents ¢ full twists of the
two strings.

There are several methods to realize a given knot-Conway polynomial by unknot-

ting number one knots. See [11], [19] for example. For an n-tuple ¢ = (¢, -, ¢y),
put
-1 -1
0 C1 1
1 0 -1
0 Co 1
Ae= : -
1 0 -1
0 Cpn—1 1
1 0 -1
0 ¢,

Then by direct calculation, we have:

Lemma 1.2 (cf. [19, Lemma 3.1]). det (t'/2A; — t71/2AT) = 1437 | (=1)'¢;2z%. O
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FIGURE 3. Ly = ki U ky U k3.

This calculation is not difficult. See [19, Lemma 3.1] for the details. We illustrate
in Figure 2-(1) a special case of [19, Fig. 2]. Notice that the knot Kz has a Seifert
matrix isomorphic to Az Using an argument similar to that of [19], we can show
that Vi, (2) = 142%™ Vg, (2) = 1£2%™2 Vg, (2) = 1422 for the 3-component
Brunnian link Ly = ky Uks Uk illustrated in Figure 3 by considering Seifert surfaces.

On the other hand, as an application of “surgical view” of the Alexander poly-
nomial [13], we have the following well-known proposition for m(> 4)-component
Brunnian links.

Proposition 1.3. Let L = k; U --- U k,, be an m-component Brunnian link. If
m >4, then Ag,(t) = 1. O

These phenomena give some algebraic restriction to strongly n-trivial knots and

links.

2. ON STRONGLY n-TRIVIAL KNOTS AND LINKS

A knot (resp. link) L is said to be strongly n-trivial [9, Definition 1.1] if there
exists a diagram of L such that one can choose n+1 crossing points with the property
that making the crossing changes on any m < n+1 points yields a trivial knot (resp.
link). We illustrate examples of strongly 1-trivial knots and links in Figure 4.

H. Howards and J. Luecke [9] constructed strongly n-trivial knots for any given
natural number n by using “finger moves” [9, Section 6]. Conversely, N. Askitas
and E. Kalfagianni [2] showed that any strongly n-trivial knot is obtained from the
unknot by doing finger moves. Similar arguments together with several results on
Dehn surgery along knots in solid tori ([6], [15], [5], [3]) work for strongly n-trivial
links. (See [20] for the details.) In other words, we have:

Lemma 2.1 ([20]). For a strongly n-trivial m-component link L = K1 U -+ - U K,,,
there is an (n+m-+1)-component Brunnian link Ly = kiU - Uk, Ul U+ Ul i
such that L = x(k1 U Ukp; (6, €)mi1<i<mint1) for some g; € {£1}. O
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(2): L

FIGURE 4. A strongly 1-trivial knot K with Vg(z) = 1 & 2™ and
a strongly 1-trivial link L. When m = 1, K is the trefoil or the
figure-eight knot.
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(1): unlinked (ay =0) (2): linked (ay = £1)
FIGURE 5

It is known that any Vassiliev invariant of order < n vanishes for strongly n-trivial
knots. In [2], Askitas and Kalfagianni studied Seifert surfaces of strongly n-trivial
knots by using techniques in 3-dimensional topology. They showed that if K is
strongly n-trivial for n > 2, then Vg (z) = 1 [2, Theorem 1.2]. This can be also
shown by using Lemma 2.1 and Proposition 1.3. Furthermore we have that if K is
strongly 1-trivial, then ay(K) = 0 or +1 according to whether the trivializers are
unlinked or linked. (cf. Figure 5) Torisu informed the author that Stanford observed
a similar result. See also [10].

In [16], [17], Torisu showed the followings. See his draft [18] in this volume.
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Theorem 2.2 ([16]). If K is a strongly n-trivial 2-bridge knot, then K is the trefoil
or the figure-eight knot. OJ

Theorem 2.3 ([17]). There is no strongly n-trivial 2-bridge link. O

Now we find some other geometric restriction to strongly n-trivial links. A link is
called a boundary link if the components bound mutually disjoint Seifert surfaces.
If L is a boundary link, then A.(¢f) = 0, and the exterior E(L) contains a closed
incompressible surface which is not 0-parallel. Torisu announced Theorem 2.3 in
a workshop “Tohoku Musubime Seminar” held at Yamagata University in January
2004. After his talk the author showed the following;:

Theorem 2.4 ([20]). Each strongly n-trivial link is a boundary link. O
Recall that a 2-bridge knot/link L = S(a,b) in the Schubert form, Ap(—1) = a

since the double branched covering space is the Lens space of type (a, b). Recall also
that the exterior of a 2-bridge link does not contain closed essential surfaces (cf. [7],
[4]). We can prove Theorem 2.3 by using any one of these facts.

Corollary 2.5. If L is a strongly n-trivial link, then Ap(t) =0, the bridge index of
L is greater than two, and the exterior of L contains closed essential surfaces. [

One can easily find that the link in Figure 4-(2) is a boundary link and that there
is an essential torus in the complement.
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