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ON THE COLORED JONES POLYNOMIAL OF LINKS

TOSHIFUMI TANAKA

ABSTRACT. We give a formula for the N-colored Jones polynomial of an example
of a nontrivial 2-component link whose (2-colored) Jones polynomial is equal to
that of 2-component trivial link. We compute the N-colored Jones polynomial by
using Mathematica.

1. INTRODUCTION

The N-colored Jones polynomial of knots is a quantum invariant which can be
expressed in terms of skein theory using the Kauffman bracket skein module. Re-
cently, K. Habiro and T. Q. T. Le showed formulas for the trefoil and the figure eight
knot and G. Masbaum generalized them for twist knots. Now it is important to find
a formula for the colored Jones polynomial because it contribute to investigate the
Kashaev-Murakami-Murakami volume conjecture [2][4]. In [7], We gave a formula
for doubled knots, which is defined as certain satellite knot for any given knot K.
Moreover, we expressed the formula by using the colored Jones polynomial of K. In
this paper, we will give a formula for an example of a link, whose Jones polynomial
is equal to that of 2-component trivial link by using same technique.

2. KAUFFMAN BRACKET SKEIN MODULE

We use the notation of G. Masbaum [6]. Let A be an indeterminate and let
Z[A, A7 be Laurent polynomial ring. We put a = A% {n} = a" — a™ and
. n [n]!
n] = {n}/{1}. Set [n]! = [1][2]...[n], {n}! = [n]1{1}" and [ Z. } = =T
The Kauffman bracket skein module K(M) of an oriented 3-manifold M is the
quotient of the free Z[A, A~!]-module generated by ambient isotopy classes of banded
links in M, by the following Kauffman relations:

X< (O e

We know that K(S®) ~Z[A, A~'] and K(S' x D?) ~Z[A, A~ ][z] Here z is given
by the banded hnk S Lx I Where Iis a small arc in D?, and 2" means n parallel
copies of z. We put B = K(S! x D?). There is a basis {e;};>o for B which is
defined recursively by ey = 1,e; = z,e; = 2€;_1 —e; . Let t : B — B denote
the twist map induced by a full right handed twist for solid torus. It is well known
that t(e;) = pe;, where p; = (—1)?A”*%. Given a k-component link diagram D,
and aq,...,a; € B. Let < ay,...,a; >p denote the Kauffman bracket of the linear
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combination of link diagrams obtained from D by replacing the ith component by
a;. Then <,...,>p is a k-linear form on B.

3. THE COLORED JONES POLYNOMIAL OF LINKS

Let L be a k-component link in S® and D be a diagram of L. We define the
N-colored Jones polynomial of L as follows.

JK(N) ( ]_)N l,uN w(D )<eN 1,-..,€N_1 >,
where w(D) is the erthe of D. Put Ji(N) = Jxg(N)/Jo(N).

Examples of the non-trivial 2-component links whose Jones polynomial is equal
to that of 2-component trivial link were given by M. Thistlethwaite [5]. One of them

is given in Figure 1.
S /_/_/\/

FIGURE 1

We obtain the following theorem.
Theorem. Let L be a link in Figure 1. Then the colored Jones polynomial of L is
given by

2

TL(N) = 3 (—1) A% Z WB—]Y jZ]J:{n}'
=

n (— )kA4k k—i—l)[ (2l/€ _|_ [+ k) +1]
' [n+k+ 1]![n — k]!

k=0

Remark. I will show that this polynomial differs from that of a trivial link using
Mathematica in Section 6.

4. THE RESULTS OF HABIRO
K. Habiro defined a basis of B as follows [3].

n—1

R, = H(z — Xoi), where \; = —a'tt — a1,

=0
Then we know that
N-1

e =3 (- [N TR,

n=0
Habiro defined a twisting element w as follows.
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[e.e]

w— Z(_1>na%n(n+3)R; Where R;q[ e Rn/[n]'

n=0
We need the following result.
Proposition [3]. Let B®" denote the Z[A, A~1]-subalgebra of B generated by 2*.
Then for every © € B < w,z >=<t(x) >.

Remark. G. Masbaum generalized the formula of the element w to the formula of
wP by using skein theory [6]. By making use of the element w, we prove Theorem 1
in Section 6.

5. GRAPHICAL CALCULUS

In this section, we explain the graphical calculus of G. Masbaum and P.Vogel to
evaluate < e, >k. They used the extension of the Kauffman bracket to admissibly
colored banded trivalent graph to evaluate the colored link diagram [1]. Let Q(A) be
the field generated by the indeterminate A over the rational numbers Q. Banded
(n,n)-tangles with Kauffman relations generate a finite-dimensional associative al-
gebra T,, over Q(A), which is called the Temperley-Lieb albebra on n-strings. T, is
generated by the following.

1= n uj=| -1 n-i-1

[

(i=1,2,...n-1)

An integer beside an arc signifies n copies of the arc all parallel in the plane. There is
a trace map g : T,, — B given by mapping a tangle with square to the diagram in the
annulus obtained by identifying the upper and lower edges of the diagram. We put
d, = g(f™), where f is the Jones-Wenzl idenpotent in T),. Then it is well-known
that d,, = e,. We regard < e,, >k as the value of the diagram obtained from K by
writing n beneath K and inserting one little box into K. Such a diagram is called
a colored link diagram. The colored banded trivalent graph is as follows. A color is
just an nonnegative integer. A triple of colors (a,b,c) is admissible if a +b+ ¢ =0
(mod 2) and a +b > ¢ > |a — b|. Let D be a planar diagram of a banded trivalent
graph. An admissible colorings of D is an assignment of colors to the edges of D so
that at each vertex, the three colors meeting there form an admmisible triple. The
Kauffman bracket of D is defined to be the bracket of the expansion of D obtained
as follows. The expansion of an edge colored n consists of n parallel strands with
a copy of the Jones- Wenzl idenpotent f inserted. The idempotent is represented
by a little box and each vertex is expanded as in Figure 1.

Let (a, b, ¢) be admissible. The internal colors i, j, k are defined by i = (b+c—a)/2,
Jj=(a+c—0)/2,1=(a+b—c)/2. Let A, B,C, D, E, F be colors and set ¥ = A+B+
C+D+E+Fanday = (A+B+E)/2,ay = (B+D+F)/2,a3 = (C+D+E)/2,a4 =
(A+C+F)/2,b=(X—A—-D)/2)bs=(X—F—-F)/2,bs=(X—B—-C)/2. G.
Masbaum and P. Vogel showed the following formulas [1].
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Here we set

<k>=(=1)kk+1],

irjrn 07+ Kk G E)
[i+ 717 + k]![i + K]

d(c;a,b) = (—1)’“Aij—k(i+j+k+2).

A B E> - [T T (b — a,]! <a1 a3 a3 a4)’

<a,b,c>=(-1)

Y

D ¢ F)~ [ANBICNDIENEN \ b bs by
<a1 as as a4) _ Z (=1)S[C+ 1!
by by b3 min(b;)>C>maz(a;) H?=1[bi — (]! H?:1[C - aj]!’

C <id,a,d><i,bc>’

cis (b
dabi_ jod a
Emcdj

6. PROOF OF THEOREM

Let L be the link dscribed in Figure 1. We use the surgery description as in Figure
3.
The colored Jones polynomial is expanded about the component on the left-hand
side in Figure 3 by making use of formulas in Section 5 as follows.
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FIGURE 3

JL<N) = (—1)N_1 < Een-1,EN-1 >L

-1
=Y 62N —-1,N — 1)3@16
l -

=

I
=)

Now we need the following lemma.
Lemma.
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Proof. Since each component of the link bounds a disk which gone through by the
other component twice, we can show the first equation using a property that circling
with R, annihilates all even polynomial in z of degree 2¢ (¢ < n). Since the degree
of R, —e, is smaller than n, the second equation can be also shown using a property
of R,,.

By using Lemma, we obtain that

n

< 2k > AG+D
'Z<n,n,2k> <2k>{

k=0

Here by making use of the formulas in Section 5, we can show that
21 2k

=< 4lk + 21 + 2k > and

[2k + 1]([n]1)?
N [n+k’+1]![n_k]! < g, [T, > .

< 2k >
<n,n,2k >
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2{2n + 1}

{1}

It is known that < eg,, R, >= (—1) . (This equality is due to K. Habiro

[3].) This completes the proof.

7. COMPUTATION

By using Mathematica, we calculated the N-colored Jones polynomial of Theorem
when N = 2,3,4,5 and 6 as follows.

Y
JL(2):2+ﬂ+A

ol 1 1 2 2 4 6 48 210 412 416, 220 722
JL(3)72—E+m—m+ﬁ+E+ﬁ+2A—A +A AT +AC+ AT +AT AT -

A26_ ASO +A32 _A34 ~ A38 . A40 ) A44 7A46 N A48 B ASO +A52 —A68 N A7O B A72 +A76 —A78 . A80

gt 2 2 1.2 1 2 1 2 1 1 3
;-2 e T A T A a0 TR T AE T TAam At

4 1
a8 Al
264 68 3272, 276, 280, p84

230842, 0a%0 0% 2 a8 3% 930, pf0, a% 0%, 3200,
p88, 296 pl0B_ 104 5128 2136 144,152, p156

112z 2 1 1 1 1 1 2 2 2 2

JLOF e g0 "% TR A B AW T A% 3% T A R TR B
3 1 2 1 2 1 4 2 1 2 1 2 2 3
PR O I I I < O v I v B VR VOB VI NI YA

$+% +%+A—12+A4+3A8+6A12—2A14+5A16—2A18—A20—2A22—A24—2A26+

28% 2% aa¥ 3% 32%-30% 3% 0% 2% 0 3% % g0
28281220 3292, 2% 9%, 0n% aT0, 072, 3070, 4080 282,328 0pf0.
220 3% 2%, %, p%8, 5100, 2102 5104 3106 p108 3,110 5,112 5 pll4
al18, 32120, 2122 5 p124 2126 128 52130 2132 5134 136 52138 4 2140
2142, 3184 _ 146 2148 5152 o 2154 52156 2158 160 162 o 2164 52166 o168

AT0_ 9172 o plT4_ 42176, 3178 o p180 , 2182 2184 _ 2186 32188 5 2190 5192
2194 196, 2202 p204 2210 a212 5218 020 5232 9234 2240 a242 2248 2250 5256
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Jp (6)=
1
2
4765280 384, 4 2%, 4%, 21004104 4 p108 35112, 42120 5124 o128
A1 9 pl36 5180 o pldh ool 2152 5156 160 pl164  p168 (2172 49176,

52180 p184_p188 192 02196 3200 a004 o p208 4210 3216 3204 520
3023 g p 236 240, g a2, 5 248, 0250 3260 o 264 4 p268 o 0272 g 26 5280
p284_ 5288 32092 52300 32304 2308 32310 ¢ 316 32300 3308 330, 32336

434 g M8, 3356, 5360, 0366 3368 3312 p3T6, 2380 5384 392 2400,
408 Q020 G008 G 2036 p04 o 048 2050 060 52060 pU6B o072 o plT6_ 080

S1+m8ent e at0 o2 2n% i n%, 3000, 0n % a5 6,328,508, 3070

Z—\484 B A492 —Z—\4% . A5CO 1) A504 ) A52O —Z—\524 . Z—\528 . A532 . A54O . A544 B A548 ) A552 : A56C
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