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A CONSTRUCTION OF CLASSIFYING SPACES FOR P-ADIC
GROUP ACTIONS

ZHIQING YANG

ABSTRACT. A generalization of the Hilbert’s fifth problem is the Hilbert-Smith
conjecture. A natural approach is to work on the classifying space of p-adic
integers. However, the well known Milnor construction of classifying space of
p-adic integers is not locally connected, hence won’t help to solve the conjecture.
I give a new construction of classifying spaces for p-adic group actions.

1. INTRODUCTION

Group actions on manifolds have been extensively studied . For instance, Hilbert’s
fifth problem asks whether every (finite dimensional) locally Euclidean topological
group is necessarily a Lie group. It was solved affirmatively by Gleason. Montgomery
and Zippin provided the solution for locally compact groups in 1952.

Theorem: ([7]) A locally compact, finite dimensional, locally-connected group is a
Lie group.

One major open problem in geometric topology is a generalization of the Hilbert’s
fiftth problem, called the Hilbert-Smith conjecture:

Hilbert-Smith Conjecture: No p-adic group can act effectively on a manifold.
Equivalently, no compact manifold M admits a self homeomorphism A such that:
(1) each orbit {h"(x)} has small diameter in M and,

(2) {h"™ | n € Z} is a relatively compact subgroup of the group of all homeomorphism
M — M.

It follows from the work of Newman and Smith that it is sufficient to prove the spe-
cial case when the topological group is a p-adic integer group Z,, = lim{¢,: Z/p"™'Z —

Z/p"Z}, where ¢, is the mod p™ mapping. See [5] for some related results.

A natural approach to the Hilbert-Smith conjecture is to work on classifying
spaces. Let p™ denote the n-dimensional Menger compacta. In [1], S. M. Ageev
proved that p” is an n-classifying space for free actions of Zp. He conjectured: for
positive integers m, n and a 0-dimensional compact metric group G, if g™ and
u" are free G-spaces then there is no equivariant map p™™" — u". A positive way
of responding to this conjecture would be to prove that there is no free p-adic group
action on connected manifold X with dim X/ ip < 00. Also, Edwards conjectured:

the image of any Z,—equivariant map ™ — SOO“(Z,,) must have dimension greater

Received by the editors on February 13, 2004.
345



346 ZHIQING YANG

than n. Here SOOOO(ZP) is a classifying space, and a choice for Tn is a Menger
compactum. The proof for this conjecture will yield the proof for another so called
FS-ZS conjecture. This is why mathematicians are constructing different p-adic
group actions on Menger compacta.

The n-dimensional Menger compactum is universal in the sense that any n-
dimensional compact metric space can be embedded in it. Thus it is a universal
model for n-dimensional compacta. For instance, the zero dimensional Menger com-
pactum is the Cantor set. Bestvina([2]) has characterized the n-dimensional Menger
compactum as the unique (m — 1)-connected and locally (m — 1)-connected com-
pactum having the disjoint m-cells property. There are many different constructions
for Menger compacta, but only after Bestvina’s 1988 paper were mathematicians
able to conclude that they are all homeomorphic to each other.

Although no effective action of p-adic group on manifolds has yet been con-
structed, there do exist p-adic group actions on Menger manifolds. Let X be a
p"-manifold. Then there are three constructions of Z, actions on X.

(1) Every compact 0-dimensional metrizable group G acts effectively on X so that
dim X/G = dim X. Hence p-adic group acts on Menger compacta. Dranishnikov
[4] and Mayer and Stark [8] constructed this using Pasynkov’s partial product de-
scription of p". K. Sakai [10] has another construction.

(2) Zv acts freely on X so that dimX/ Z, = n + 1. This example depends on the
work of Bestvina, Edwards, Mayer and Stark [8].

(3) Zp acts on X so that dimX/ip = n + 2. This was done by Mayer and Stark [8],
based on a construction by Raymond and Williams [9] .

Although there are many constructions, no compact universal classifying space
has yet been constructed. The goal of my thesis is to provide a more intuitive con-
struction of p-adic group action on Menger compacta, as well as a generalization to
the infinite dimensional case. Ultimately, I hope to construct a compact contractible
classifying space.

Acknowledgments I would like to thank Robert Edwards for his constant help,
including many helpful conversations and correcting some errors in an earlier draft
of this paper.

2. SOME TECHNICAL LEMMAS

Definition: Let X be a topological space, A C X be a closed subset. Given an
e > 0, A is called an m-e absorber of X provided that for any map f : S¥ — X,
k < m, there exits a homotopy H : S¥ x I — X such that :
(a) H is an e-homotopy, i.e. for any xq € S*, diam (Im(H (zo,-))) < ¢,
(b) H is fixed over A, i.e. H(x,t) = f(x), for any z € f~1(A),
(c) H carries f into A, i.e. H(x,0) = f(z), and Im (H(-,1)) C A.

Roughly speaking, A is an m-e absorber if, for any f, there exists a homotopy
pushing f into A by a small motion keeping images in A fixed.
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Theorem 1. Let R™" be partitioned into identical cubes of side 1 in the standard
way. Then the m-skeleton, denoted as A, is a codimension 1, m-connected, locally
m-connected subset of R™, and it is m-v/m + 1 absorber.

Note: 1. Here locally m-connectivity is in the strongest sense: every point has
arbitrary small m-connected neighborhood.

2. Given any € > 0, for the (m + 1)-dimensional Menger compacta, or any locally
Fuclidean spaces, we can construct a codimension-1 m-e absorber.

If we have n copies of a compactum X, say X1, Xo, -+, X, andlet Ay, Ay, -, A1
be m—ﬁ absorbers of X. Let h; : A; — A; be the identity map. Let W =
X1 Up, XoUpy -+ Uy, , X, There is a canonical projection 7 : W — X, and a
canonical metric on W. For any f : S¥ — W, wehave an f' =7of:S* - X C W,
such that d(f, f') < % = g. On the other hand, by the argument in 2, f can be
%—homotopied to some f”:S* — X in W. So d(f, f") < ii,f < 6, hence there is
an e-homotopy connecting f”, f' in X. Hence f : S¥ — W is (§ + €)-homotopic to
its "projection” f’': S* — X in W. Hence we have the following theorem which is

the main tool to prove the (locally) n-connectivity of our space W.

Theorem 2. Let W be the space constructed above. For any map f : S¥ — W,
k < n, there exists an e-homotopy H which carries f into X1 by an e-motion keeping
images in Xy fized. Hence if X1 is (locally) n-connected, so is X .

3. THE FINITE DIMENSIONAL CONSTRUCTION

Definition: Let X be a topological space, A C X be a closed subset. Given an
e > 0, A is called an m-¢ absorber of X provided that for any map f: S* — X,
k < m, there exits a homotopy H: S* x I — X such that :

(a) H is an e-homotopy, i.e. for any zy € S*, diam(Im(H (xo,))) < €,

(b) H is fixed over A, i.e. H(x,t) = f(z), for any x € f~1(A),

(c) H carries f into A, i.e. H(x,0) = f(z), and Im(H(-,1)) C A.

Roughly speaking, A is an m-e absorber if, for any f, there exists a homotopy
pushing f into A by a small motion keeping images in A fixed.

Fact: Given an € > 0, for the (m + 1)-dimensional Menger compacta, or any locally
Euclidean spaces, we can construct a codimension-1 m-e absorber.

For each + = 1,2,3,--- ,n + 1, let C; be a countable dense subset of the unit
interval I = [0,1], such that if ¢ # j, then C; N C; = 0.
For any finite set F' C I, we define L(F') = Up_{(x1,x9, -+ , @) | 2 € F} C I™. If
F C C;, we define the type of F' to be i.

Lemma 1. If F is an e-net of I, then L(F) is an (n — 1)-y/ne absorber of D.

Proof. The set L(F') cuts D into small cubes with diameter < y/ne, hence it is an
(n — 1)-y/ne absorber of D. O

Lemma 2. Given n+ 1 mutual disjoint F;’s, the intersection NL(F;) = ().
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Proof. 1f (1, %2, -+ ,x,) € NL(F;), then for each i, there isan z; € C;, and 1 < j <
n. However, there are n + 1 C;’s, C; N Cy = 0, only n x;’s. Contradiction! O

For any positive geometrically decreasing sequence {e}72 ;, we will construct the
set ,L; inductively.
Step 1.
For each i € {1,2,---,n + 1}, take a finite “E£-net of C;, denote it as 1F;. Let

vn
1Li = L(1 F3).

Suppose step m is constructed.
Step m + 1.
For each i € {1,2,---,n + 1}, take a finite “t*-net of Cj, denote it as ,,41F;, such

e
that ,F; C py1 Fi Let 1Ly = L(img1 Fi).

Note: Fix ¢, the sequence {,,L;} is an increasing sequence of closed subsets of D,
each ,,L; is a (n — 1)-¢,, absorber of D.

Let Zv be the p-adic integer group, whose underlying space is a Cantor set. Let
X =1"x (Zv)"“. Now the group G = (Z,)"+1 acts on X freely. For the p-adic
integer group Z,, we use kip to denote the kernel of the map Zp — Z/p*Z, which is
an index p* subgroup of 2,,. Let 7 denote the projection X — I™.

In the space X, let (z, 71,79, -+ ,rpq1) ~ (2,71, 759, ,r,,,) iff x = 2" and for some
k > 1, one of the followings happens:

(1) z € pLy, r) €m -ki,,, and r; = r; for i # 1;
(2) x € kLo, vy € 1o - kZy, and 1; = 1} for ¢ # 2;

(041) @ € pLny1, Ty € Tng1 - 1Ly, and 17, = 1) for i # n + 1;

Denote the quotient space as W. It naturally projects to I™.
Z, acts on W as the diagonal subgroup of (Z,)" .

Remark:

1. We use a positive geometrically decreasing sequence {e;}52; in the above con-
struction. Actually, after reading the proof for the finite dimensional case, one will
see that any positive sequence with a convergent sum will work for the construction.
2. On the other hand, if we choose a faster decreasing sequence, like

€r1 = € /(2 X p(nﬂ)x(kﬂ))a

we shall simplify the proof greatly without using the sheet-argument below.

Before we prove anything, I want to construct some subspaces W,,,’s and a natural
metric on the space W.

The subspace W,,:
We have the following maps:
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(1) If we forget the group structure, Z,m = {0,1,---,p™ — 1}. There is a natural
embedding Zym C Zym+1 defined by a — a.

(2) The projection ¢,: Zym+1 — Zym is defined by a — a(mod p™).

(3) The space Zp is the inverse limit of {¢m: Zym+1 — Zym}. For any m > 0, there
is a canonical map py,: Z, — Zym.

(4) On the other hand, ZD is homeomorphic to a subgroup G of [[;-, Zyx. G
consists of all the elements of the form (ay, as, - - ), where a,, = ¢ (apy1). For any

a € Zym, we define r(a) € Zp as the unique element such that its image in G is
7(a) = (a1, as,---) and ay = a for all £ > m. Denote the set {r(a) | a € Z,m} as

A, hence we have an embedding r,,: Zm ~ A, C ip. It induces maps A,, C
Ly — Lym =~ A,,. The (m + 1)-products of those maps naturally define:

D x (Ap)™ C D x (Zy)"" — D x (Zym)" ™ =~ D x (A"
We have the following diagram:

D x (Am>n+1;> D x (2p)n+1 — - Dx (Am)n—H
Wm( im W Pm Wm

Denote projection W — D by 7. For the space W,,, denote the projection from W,,
to D by m,,: W,, — D. W, naturally embeds in W, ;.

Take any w € W, w = 7(z,g), where x € D and g € (Z,)""'. We shall call D the
horizontal direction, and (Z,)" ™! the vertical direction.

There is a natural metric on W, which will simplify our proof.

(1) The space Z, is homeomorphic to a Cantor set. It has a metric d’, such that
diameter of ;Z, is z%' Let d denote the Euclidean metric on I™.

(2) Take any g.g' € G = (Z,)"*", we define d'(g,¢') = S d'(gi,g}), where g =
(glu e 7gn+1)7 gl = <g17 e 7g;+1)-

3) In the space X,,, = D x (A,,)"t!, for any x = (21, z2), 2’ = (2}, 2},) € X,,, where
( p ) y ) ) 1> %2 )

r1,7) € D and zy, 7 € (A,,)", we define

Jm(x,x’) = d(zy, 7)) + d'(xq, 7))

(4) The space W, is path connected. By construction, it is a union of finite many
copies of D’s. For any x, 2’ € X, there exists a piecewise linear path ¢ connecting
pm(z) and p,,(z') in W,,,. The path ¢ is a union of finite many pieces of straight line
segments, each lies in a copy of D. Let [(c) denote the sum of lengthes of all those
line segments. Let d*(py,(x), pm(2')) = inf{l(c)} where the inf is over all possible ¢’s
connecting p,,(x) and p,,(2") in W,,. Define

on (P (), P (7)) = min{d" (P (1), Pn(2")), din (P (), Pon (1))}
(5) For any z,2" € W, let d(z,2') = sgp{dm(pm(:c),pm(az’ )}

Roughly speaking, we take the product metric on D X (ip)”“, then make it com-
pactible with the quotient structure on W using step (4).
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4. THE (LOCALLY) (n — 1)-CONNECTIVITY OF W,

For any f: S* — W, m >0, let f,, = pmo f: S™ — W,,. Let fzwof: Sk — D.
Lemma 3. d(f, frr1) < 255, d(fm, f) < 25

pm+1 ) pm+1 .

Proof. For any v € W, 7(x) = m(pm(x)) = 7(pm+1(z)) in D.

(
d(pim (), Pmi1())

<sup{dy,(pm (), prsa ()}
=d (pm (), Pmy1 (7))

< X (n+1)

pm+1

n+1
perl'

Likewise, d(fm, f) < #. O

Definition:

W41 is a union of copies of D.

(1) When two copies Dy, Dy of D in W,,,,; are mapped into W,,, by the map W,,,; —
W, if the images coincide, we say those Dy, Dy are of the same sheet in W,,.

(2) Likewise, we also say the projections of Dy, Dy in W, are of the same sheet
in W,,.

(3) For any two points x, 2" € W, 11, if their projections in W, lie in a same sheet, we
also say they are of the same sheet in W,,,. This is equivalent to say p,,(x) = pm(2').
(4) Moreover, take a © € W,,,1, 2’ € W,,, if the projection of z in W,, lies in the
same sheet as 2/, we say x, 2’ are of the same sheet in W,,. 0

W,, is a union of copies of D, call them Dy, Dy,--- , Dy. W, 11 can be constructed
from W,, by gluing copies of D, call them Dy, Dy, -+, Dy. We can reorder them
such that D; N (W,, UD; U Dy U---UD;_q) is an (n — 1)-€,,41 absorber of D;, for
j=1,2,---,N. The (n — 1)-€,,41 absorber cuts D; into small cubes of diameter
< €my1, and Dy, - -- Dy, are of the same sheet with Dy in W,,,; Dy, 41, -+, Dy, are
of the same sheet with 52 in W,,; ---

Lemma 4. Let Aj =W,,UD;UDyU---UD;_y. Forany f: S* — W11, k <n,
there is a homotopy H carries f to fj: S*¥ — A;, and H is fived on A;. Moreover,
dimo H(-,t),mo f) < €ny1 for any t € I, and for any x € Wy,1q, f(z), fj(x) are of
the same sheet in W,,.

Proof. Use reverse induction.

For 7 = N, this is clear from the ordering of D;.

If this is true for j = [+1, then there is a homotopy H;, which carries f: S* — W41
to fuy1: S — Ajyq, and is fixed on Ay, g, with d(mo H(-,t), 7m0 f) < €y,41 for any
t € I, and for any € Wi, 11, f(x), fiz1(x) are of the same sheet in W,,.
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Now for the case j =1, A1 = AU Dy, where A, N D, is an (n — 1)-¢,,,1 absorber
of D;. Denote B, = S* — f~1(A;). Since f(B;) C D, and A; N Dy is an (n — 1)-
€m+1 absorber of D, and cuts D; into small cubes of diameter < €,,11, fi+1]a, can
be extended to an f;: S*¥ — A;, such that d(mw o fi,7 o f) < €ms1, and for any
r € Wiy, f(x), fi(x) are of the same sheet in W,,. D is a convex set, for any
xr € By, there is a strait line segment in D from f; 1(z) to f/'(x). This defines a
homotopy Hs from f;1 to f'. It is clear that d(m o Ha(+,t),m o f) < €41 for any
t € I. Then the composition of Hy and H; is the desired homotopy. Call it H.
It has the same property: d(mo H(-,t),mo f) < €41 for any ¢ € I, hence it is a

( Tfntll + €m+1)-homotopy. [

Corollary 4.1. A, z's an (n — 1)—(1%31 + €my1) absorber of Wy,iq. In particular,

Wi is an (n —1)- ( L 4 emy1) absorber of W, y1.

Repeat applying the above argument, f,,,1 can be homotopied to an f/ : S* — W,,
by a ( L+ €41)-homotopy, and 7

Lemma 5. The distance d(fm, f], ) < €ma1, and fu, [l can be €,.1-homotopied to
each other. Hence f,, fmi1 are ( L 4 €m+1)-homotopic to each other.

Proof. For any x € Wyy1, fmi1(2), fl,(z) are of the same sheet in W,,, on the
other hand f,,(z), fis1(x) are of the same sheet in W,,, then f,,(x), f/ () are of
the same sheet in W,,. On the other hand, d(wo f,, = mo f,11, 70 ) < €41, hence
d(fm7 f/n) < €mt1-

Since f,(x), f].(x) are of the same sheet in W,,, there is a unique line segment from
fm(z) to f! (z) in W,,. This defines an €,,,1-homotopy between them. O

Lemma 6. The space W is (n — 1)-connected and locally (n — 1)-connected.

Proof. fu, fmy1 are ( vl 1+ €,n41)-homotopic to each other. Likewise, we can prove

that for any k£ > 0, fm, fmar are (W + em+1) homotopic to each other. On the

other hand, lim f,, = f. Hence f, f,, are ( L+ €my1)-homotopic to each other. By
the lemmas from the section of technical lemmas, we know W, is (n —1)-connected.
Hence W is (n — 1)-connected.

For the locally (n — 1)-connectivity, notice W,, is locally (n — 1)-connected and
compact, so for any € > 0, there is a d,,, > 0, such that any map f: S* — W,,
with diam(Im(f)) < d,, is null homotopic by an e-homotopy. Then for any ¢ > 0,
there is an m > 0, such that (pm+1 + €ns1) < €. Then for any f: S¥ — W W1th
diam(Im(f)) < dm, we have diam(Im(fy)) < diam(Im(f)) < 6,,. f can be e-
homotopied to f,,, and f,, is null homotopic by an e-homotopy, hence f is null
homotopic by a 2e-homotopy. O

5. DIMENSION

Definition The Urysohn n-diameter of a space X is the infimum d,(X) of all
positive numbers € such that there is a an e-map f: X — Y for some n-dimensional
space Y.
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Theorem 3. ([3]) A compact metric space X has Urysohn n-diameter 0 if and only
if dimX < n.

We have the e-map p,,: W — W,,, where W,, is n-dimensional, ¢ = ¢, —
0. Hence the quotient space W we construct here has Urysohn n-diameter 0, so
dimW < n. On the other hand, W,, C W, so dimW > n. Hence dimW = n.

6. THE DISJOINT m-CELLS PROPERTY

There are two ways to prove the disjoint m-cells property, one is to use a Z-set
argument, another is a short cut:

D x (Ap)" > D X (A1 )" D x (Z yrtl

| | |
Wm( Werl( W
Wy, C Wyt € W, and there are p™tY copies of W,, in W,,.1. The group
(Zym+1)"T! acts on the space D X (Ap41)" ™. This induces an effective action of
(Zym+1)™t on Wyyq. Notice W, and (1,1,---,1) % W, are disjoint from each
other in W,,,,1, so are they in WW. On the other hand, there is a natural projection
Pm: W — Wy, Let pl, = (1,1,-+- | 1)xpy,: W — (1,1,--- 1)« W,,. For any maps
fi, fa: S™ = W, let f{ = pmo fi, f5 =p.,0fa. Then f; and f, have disjoint images,
and d(f1, f{) and d(fa, f3) can be arbitrarily small if m is large enough.

Corollary: The space W is homeomorphic to the n-dimensional Menger compactum.

Remark: This construction can generalized to infinite dimension. One version gives
a space W; which is compact, n-connected and locally n-connected for any n > 0.
Another version gives a space W, which is compact, contractible, locally contractible.
However, for the space W5, it only supports an effective p-adic group action, not a
free action.
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