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Affine domains and projective
domains

Affine domains can be considered as projective do-
mains by the following equivariant embedding :

(i, ρ) : (En, Aff (n)) → (RPn, PGL(n + 1,R))

i(x1, . . . , xn) = [x1, . . . , xn, 1]

ρ(A, a) =

(
A a
0 1

)
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Cones in the projective space

Definition 1. Ω : a domain in RPn

B : a domain of a hyperplane H of RPn

• C(B) : a cone over B
a cone with the infinite boundary B in the affine
space An = RPn \H ,

• {b} ∨B : a cone over B with a cone point b.

(i) C(B) is projectively equivalent to each compo-
nent of π−1(B), where π : Rn → H ' RPn−1,

(ii) There are two cones over B with a cone point b,

(iii) C(B) is well-defined up to projective equivalence
(not depending on the cone point)

(iv) {b} ∨B = {b}+̇B, if B is properly convex.
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convex sums

• A properly convex domain Ω is called a convex
sum of its faces F1 and F2, which will be denoted
by

Ω = F1+̇F2,

if it is the interior of the convex hull of F 1 ∪ F 2

when we consider Ω as a bounded set in an affine
space An in RPn, i.e., it is the union of all open
line segments joining points in F1 to points in F2.

• Note that if the dimensions of F1, F2 and Ω are
k1, k2 and n respectively, then n = k1 + k2 + 1.
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Basic definitions

Definition 2. Ω is an open subset of Rn.

(i) Ω is a quasi-homogeneous domain if ∃ a com-
pact subset K ⊂ Ω and a subgroup G of Aut(Ω)
such that GK = Ω.

(ii) Ω is a divisible domain if ∃ a cocompact discrete
subgroup H of Aut(Ω) acting on Ω properly.

(iii) Ω is a homogeneous domain if Aut(Ω) acts on
Ω transitively.

5



Previous results

• Vinberg(1963) classified all homogeneous con-
vex cones algebraically,

• Kuiper(1953) classified 2-dimensional quasi-homogeneous
convex domains while he was classifying convex
compact projective surfaces,

• Vey(1970)

Any quasi-homogeneous properly convex affine
domain Ω is a cone if it contains an open cone,

• Benzécri(1960)

Any quasi-homogeneous properly convex projec-
tive domain with a face F of codimension 1 is the
convex sum of F and a point in the boundary.

• Benoist (2000s) has been studying divisible con-
vex domains and found many interesting exam-
ples.
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Convex case I

Thm 1. Ω ⊂ RPn: properly convex domain
F : (n− 1)-dimensional face of Ω
Autproj(Ω)x accumulates to a point in F, x ∈ Ω
Then

Ω = {ξ}+̇F, ξ ∈ ∂Ω.

Proof.

∃x ∈ Ω, {gi} ⊂ Autproj(Ω)s.t. lim
i→∞

gi(x) = p ∈ F.

⇒ g = limi→∞ gi, Ran(g) = 〈F 〉, g(Ω) = F
and Ker(g) = {z} is an extreme point.

Case 1: z /∈ 〈F 〉

Case 2 : z ∈ 〈F 〉
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Case 1: z /∈ 〈F 〉
limi→∞ gi(F ) = g(F ) = F
⇒ g({z}+̇F ) = F, g({z}+̇(〈F 〉 \ F )) = 〈F 〉 \ F
⇒ Ω = {z}+̇F , one of two convex sum by con-

nectedness of Ω.

Case 2 : z ∈ 〈F 〉
E = {b ∈ ∂Ω | bz ∩ Ω 6= ∅}
⇒ E is an (n− 1)-dimensional face of Ω.
⇒ {z}+̇E = Ω
⇒ Ω = gk(Ω) = {gk(z)}+̇gk(E) = {gk(z)}+̇F

for some k, since gi(E) uniformly converges to
g(E) ⊂ F .
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Convex case II

Coro 1. Let Ω be a convex domain in Rn and F
an (n − 1)-dimensional face of Ω. Suppose that
there is a sequence {gi} of affine transformations
which preserve Ω and a point x in the interior
of Ω such that {gi(x)} accumulates to an interior
point of F . Then

Ω = R+ × F.
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locally flat boundary point

We say ∂Ω is locally flat at p if there is a hyper-
plane H and an open ball Bp centered at p such that
Ω ∩Bp is an open half ball with H ∩Bp ⊂ ∂Ω.

Definition 3. Let Ω be a domain in RPn.

(i) we say that Ω has a flat boundary piece P if
P 0 6= ∅ in H and ∂Ω is locally flat at each p ∈ P 0,

(ii) we say that Ω has a strongly flat boundary piece
P if P is a flat boundary piece of Ω with 〈P 〉 = H
and there is an open neighborhood U of P such
that Ω∩U is contained in an open half space H+

with boundary H .
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counter examples

The existence of an accumulation point in the flat
boundary piece is not a sufficient condition for being
a cone.

(i) Ω = Ω1 ∪ Ω2

Ω1 = {(x, y) ∈ R2 |x > 1}
Ω2 = {(x, y) ∈ R2 | 0 < x ≤ 1, y > 0},

gn =

(
1 0
0 1/n

)
, P = {(x, y) ∈ R2 | 0 ≤ x ≤ 1, y = 0}.

• P is a flat boundary piece of Ω,

• limn→∞ gn(1/2, 1) = (1/2, 0) ∈ P 0,

• Ω is not a cone.

(ii) Ω = Ω1 ∪ Ω2

Ω1 = {(x, y) ∈ R2 |x ≤ 0, y > 0}
Ω2 = {(x, y) ∈ R2 |x > 0, 0 < y < 1/x},

gn =

(
2n 0
0 1/2n

)
, P = {(x, y) ∈ R2 | y = 0}.

• P is a flat boundary piece of Ω,

• limn→∞ gn(0, y) = (0, 0) ∈ P 0,

• Ω is not a cone.
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Domains with a flat boundary
piece

Thm 2. Let Ω be a domain with a flat boundary
piece P satisfying

(i) P is a component of 〈P 〉 ∩D,

(ii) P has no complete line.

Then Ω = C(B) iff there is an accumulation point
p ∈ P 0 under the action of Aut(Ω).
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Quasi-homogeneous domains

Thm 3. Let Ω be a quasi-homogeneous affine do-
main with a flat boundary piece P satisfying

(i) P is a component of 〈P 〉 ∩D,

(ii) P has no complete line.

Then Ω = R+ × P 0
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