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Abstract. Croke and Kleiner [5] gave a construction for a family Xa : 0 < a c p2 of CAT(0)
spaces that each admit a geometric action by the same group G. They showed that
qXa T qXp=2 for all a < p2 . We show that in fact qXa T qXb for all a 0 b, so that G is a CAT(0)
group with uncountably many non-homeomorphic boundaries.

1 Introduction
It is known that the geometric boundary of a hyperbolic group is unique in the
following strong sense: if a ﬁnitely generated group G acts geometrically (i.e.
cocompactly, properly discontinuously and by isometries) on two hyperbolic metric
spaces X and X 0 , then the quasi-isometry from X to X 0 induced by these actions
extends G-equivariantly to a homeomorphism of their boundaries. In particular, the
intrinsically deﬁned boundary of G is homeomorphic to the geometric boundary of
any space on which it acts geometrically. For a full treatment of the uniqueness of
hyperbolic group boundaries, see [8].
The question of uniqueness of boundaries for the class of CAT(0) groups is still
being explored. A group G is said to be CAT(0) if it acts geometrically on some
CAT(0) geodesic space X . A CAT(0) group does not have an intrinsically deﬁned
boundary, but one might hope to deﬁne its boundary to be qX . For some CAT(0)
groups this is more or less meaningful. For example, if G also happens to be hyperbolic and acts on a CAT(0) space X , then the boundary attached to X as a CAT(0)
space agrees with its hyperbolic boundary; this boundary is unique to G in the strong
sense described above (see [8, Chapter 7]). As another example, Bowers and Ruane
proved that when G 0 is hyperbolic, then the boundary of any CAT(0) space on which
a group of the form G ¼ G 0  Z n acts geometrically is homeomorphic to qG 0  S n1 ;
however in general this homeomorphism cannot be taken to be G-equivariant; see [3].
Finally, it is hoped that some form of boundary uniqueness result can be proved for
the class of Coxeter groups, which are CAT(0) by [9]; see also [4], [7].
In 1997 Croke and Kleiner gave an example of a CAT(0) group G with at least
two distinct boundaries.
They actually constructed an uncountable collection of

CAT(0) spaces Xa : 0 < a c p2 each admitting a geometric action by G, and they
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showed that qXp=2 T qXa for all a < p2 . By generalizing their methods, we show that
qXa T qXb for all a 0 b, so that there are in fact uncountably many di¤erent boundaries associated to the group G. This is particularly remarkable because G is a rightangled Artin group which is a ﬁnite-index subgroup of a Coxeter group, and which is
furthermore a free product with amalgamation of two groups of the form shown by
Bowers and Ruane to have unique boundaries.

2

Preliminaries

Before reviewing the Croke and Kleiner construction, we recall the deﬁnition of
the boundary of a CAT(0) space X . Choose a basepoint p A X and let Rð pÞ denote the set of unit-speed geodesic rays issuing from p. To every ray in Rð pÞ,
associate an endpoint sðyÞ. For r d 0 and e > 0, two rays s; t A RðpÞ are ðr; eÞclose if dðsðrÞ; tðrÞÞ < e. This deﬁnes a topology (the cone topology) on the set
fsðyÞ : s A RðpÞg. This space is the boundary qX of X , and up to homeomorphism
it is independent of the choice of basepoint p. See [2].
For any two geodesic segments or rays s and t with a common point x in a
CAT(0) space X , we denote by Jx ðs; tÞ the Alexandrov angle at x between s
and t; see [2, Section II.3]. More generally, if s and t are rays in Rð pÞ, let
Jx ðs; tÞ ¼ Jx ðs 0 ; t 0 Þ, where s 0 ; t 0 A RðxÞ and s 0 ; t 0 are asymptotic with s and t respectively.
The space Xa constructed by Croke and Kleiner is the universal cover of a torus
complex X a , constructed as follows. Start with a ﬂat torus T0 with the property that a
pair a1 ; a2 of closed, p1 -generating geodesics in T
 0 meet in a single point at an angle
a, with 0 < a c p2 . Note that any angle a A 0; p2 can be realized by taking two lines
in R2 that meet at the angle a and identifying parallel copies of these lines in the
modeling of T0 . For i ¼ 1; 2, let Ti be a ﬂat torus containing an essential loop bi ,
such that lengthðbi Þ ¼ lengthðai Þ, and let X a be the union of T0 ; T1 , and T2 , where ai
is identiﬁed with bi . For i ¼ 1; 2, let Yi ¼ T0 U Ti H X a .
The following facts about Xa (the universal cover of X a ) were established in [5].
1 Blocks. A connected component of the preimage of Yi in Xa is called a block.
Each block is a copy of the universal cover of Yi , and hence is isometric to the metric
product of a simplicial valence-4 tree with R. At each vertex of the tree, the R factor
is a lift of ai .
2 Walls. Each block is a tree of planes of two types, and a plane of the type that
covers T0 is referred to as a wall of the block. Each wall is common to exactly two
blocks (one covering Y1 and the other covering Y2 ), which are called adjacent blocks.
Any two blocks of Xa either are disjoint or are adjacent with a wall as their only intersection. Blocks and walls are convex subsets of Xa .
The nerve NðXa Þ of Xa is the graph that has one vertex for every block of Xa and
which satisﬁes the property that vertices are adjacent exactly when the corresponding
blocks are adjacent. The nerve of Xa is in fact a tree.
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3 Block boundaries. Given a block B, its boundary qB embeds in qXa and is homeomorphic to the suspension of a Cantor set. Let B cover Yi ; note that the lifts of ai
in B are parallel geodesic lines. The two suspension points of qB, called poles of the
block, are the common endpoints of these lifts. A longitude of the block is an arc in
qB joining the two poles, i.e. the suspension of a point in the Cantor set. If two blocks
are adjacent with common wall W , then their boundaries meet exactly in qW . If they
are at distance 2 in the nerve, then their boundaries meet exactly in the two poles of
the block between them. If they are at distance 3 or more in the nerve, then their
boundaries are disjoint.
We say that a geodesic ray s enters a plane V if there are values r < R in the domain of s such that sð½r; RÞ H V , and that s enters a block B if it enters a non-wall
plane of B.
It should be noted that the set of block boundaries does not exhaust qXa , which
also includes the endpoints of rays which pass through inﬁnitely many blocks. However, since the set of block boundaries is invariant (see next item) and has enough
structure to distinguish between values of a, we will not investigate beyond this
subset.
4 Topological invariance.
Note that the metric on Xa depends on the choice of a.

Thus for a; b A 0; p2 , Xa and Xb are homeomorphic but not isometric, hence not
equivalent as CAT(0) spaces, and their boundaries are not necessarily homeomorphic.
Any homeomorphism from qXa to qXb must take block boundaries to block boundaries, poles to poles, and longitudes to longitudes.
Note that a homeomorphism of the boundary preserves poles, block boundaries,
and block adjacency. Thus for any block B, the closure P of the set of poles of adjacent blocks is preserved under a homeomorphism. Croke and Kleiner showed that
any longitude of qB meets P in one point if a ¼ p2 and two points if a < p2 , thus
proving that qXa T qXp=2 for all a < p2 . We will extend this strategy inductively to
prove that qXa T qXb whenever a 0 b.
To do this, we will need to be able to compute exactly where a longitude meets
P and related sets. To this end, we will exploit the natural metric on each block
boundary (that it acquires as a spherical join) to identify the latitudes of a block
boundary, which are level sets ranging from the north pole to the south pole. When
a < p2 , the set P consists of two latitudes, and these decompose qB into three subsets
which we can think of as an equatorial band and two polar caps. When a ¼ p2 , these
latitudes coincide as the equator. We shall go on to deﬁne related sets Sk for every
positive integer k, and we shall see that these sets are also comprised of pairs of
latitudes in qB. When a is a rational multiple of p, any longitude will meet the union
of these special latitudes in a ﬁnite number of points; the number and conﬁguration
of these points are topological invariants that determine a. When a is an irrational
multiple of p, a longitude will meet this union in a dense countable subset; now the
conﬁguration of these points can be used to deﬁne a non-standard ordering of the
positive integers, which again is a topological invariant that determines a.
Let G ¼ p1 ðX a Þ be the fundamental group of the base space. Since these torus
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complexes all belong to the same homeomorphism class, G does not depend on a.
The natural action of G on Xa by deck transformations is a geometric action, and so
G is a CAT(0) group. Each of the boundaries qXa is said to be a boundary of G. The
results of this paper imply that G has uncountably many distinct boundaries.
We begin by examining the metric on a block boundary. Let B be a block and V
a plane of B. Then dqV ðsðyÞ; tðyÞÞ ¼ Jx ðs; tÞ deﬁnes a metric on qV compatible
with the cone topology, where x is any point in V . If Q0 and Qp denote the poles of
B, then dqV ðQ0 ; Qp Þ ¼ p. Recall that qB is the suspension of a Cantor set, i.e. the
spherical join of a two-point set (Q0 and Qp ) and a Cantor set. If we equip the Cantor
set with a metric and take the distance between Q0 and Qp to be p, then this yields
a natural metric dqB on qB in which each longitude is parametrized by ½0; p. (See
[2, (1.5.13), p. 63].) Each plane boundary is isometrically embedded in qB with this
metric. Thus if W is a wall of B common to B and B 0 , then the poles of B 0 are at
distance a from Q0 and Qp respectively. As a ray s travels from plane to plane of a
block B, its angle of incidence with the geodesics joining the poles is preserved. Let
t A ðr; R, where sð½r; RÞ H B. Then the points in the shadow of sðtÞ on qB (the endpoints in qB of rays which coincide with s at least as far as t) all lie at the same distance from Q0 .
Note that as a ray travels from one block to another, its angle of incidence with
the poles is not necessarily preserved, even up to a di¤erence of a. In fact, if the
ray travels from a non-wall V of one block directly into a non-wall V 0 of the next
via a point sðtÞ, the shadow of sðtÞ on qV 0 is a pair of arcs rather than a pair of
points. See the Transformation Rules in [1] for a more detailed analysis of this phenomenon.
Deﬁnition 2.1. Given a block B and y A ½0; p, the y-latitude of qB is the set
Ly ðqBÞ ¼ fQ A qB : dqB ðQ; Q0 Þ ¼ yg:
Note that each longitude of qB meets each latitude in exactly one point, and qB is
the disjoint union of the latitudes fLy ðqBÞ : 0 c y c pg.
More generally, for all f A R, let Lf ðqBÞ ¼ Ly ðqBÞ where y A ½0; p and
f 1Gy ðmod 2pÞ.
Let W be a wall of block B. It will be convenient for our induction argument in
Proposition 2.4 to label points of qW with real-valued indices indicating their location within qW in a way that is compatible from block to block. First, let Qa and
Qpþa denote the two points in qW which are poles of an adjacent block, at distance a
from Q0 and Qp respectively. Let Lþ and L be the two longitudes which comprise
qW , where Qa A Lþ and Qpþa A L . For all y A ðp; p, deﬁne

Qy ¼

L V Ly ðqBÞ if p < y c 0;
Lþ V Ly ðqBÞ if 0 < y c p:

In general, let Qyþ2kp ¼ Qy for all k A Z. Then Qf A Ly ðqBÞ if and only if
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f 1Gy ðmod 2pÞ. Suppose that W ¼ B V B 0 . The index of Q as it lies in qB di¤ers
by a from its index as it lies in qB 0 . In fact, by choosing the labeling of the poles Q0
and Qp of each block carefully, we can ensure that Qy ðW ; BÞ ¼ Qay ðW ; B 0 Þ for all
y A R. See Figure 1.

Figure 1. Qy ðW ; BÞ ¼ Qay ðW ; B 0 Þ

Proposition 2.2. Let B be a block and y A ½0; p. The set of all points at distance y from
Q0 , which lie in the boundaries of walls of B, is dense in Ly ðqBÞ.
Proof. Given Q ¼ sðyÞ A Ly ðqBÞ and r > 0, we ﬁnd a ray t A RðpÞ such that s and
t are ðr; eÞ-close for all e > 0, tðyÞ A Ly ðqBÞ, and tðyÞ lies in a wall boundary.
Choose R 2 > R1 d r such that sð½R1 ; R 2 Þ lies in a plane V of B; we require that t
coincide with s at least as far as R 2 . If V is a wall, we allow t to remain in V thereafter. If V is a non-wall, then t enters a wall W of B at some point tðR3 Þ ¼ sðR3 Þ
with R3 d R 2 , and thereafter travels only in W . In each case, tðyÞ lies in the shadow
of sðR 2 Þ on qB, hence in Ly ðqBÞ.
Let PðqBÞ denote the closure of the set of poles of blocks adjacent to B.
Proposition 2.3. PðqBÞ ¼ La ðqBÞ U Lpa ðqBÞ for any block B. Thus if h : qXa ! qXb
is a homeomorphism, then hðLa ðqBÞ U Lpa ðqBÞÞ ¼ Lb ðhðqBÞÞ U Lpb ðhðqBÞÞ.
Proof. If P is a pole of an adjacent block, then P ¼ Qa ðW ; BÞ or P ¼ Qpþa ðW ; BÞ
for some wall W of B. Thus the closure of the set of such points is exactly
La ðqBÞ U Lpþa ðqBÞ ¼ La ðqBÞ U Lpa ðqBÞ. The topological invariance follows from
that of block boundaries, poles, and block adjacency.
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Note that the latitudes La ðqBÞ and Lpa ðqBÞ coincide if and only if a ¼ p2 . This is
a restatement, using the vocabulary of latitudes, of the fact from which Croke and
Kleiner concluded that qXa T qXp=2 for all a < p2 .
Proposition 2.4. Let h : qXa ! qXb be a homeomorphism, B H Xa a block, and W H B
a wall. Let D be a block of Xb and V H D a wall such that hðqBÞ ¼ qD and
hðqW Þ ¼ qV . Then the following assertions hold for all integers k d 0:
(1) if y A fka; p þ kag, then hðQy ðW ; BÞÞ ¼ Qf ðV ; DÞ where f A fkb; p þ kbg;
(2) if y A fka; p  kag, then hðQy ðW ; BÞÞ ¼ Qf ðV ; DÞ where f A fkb; p  kbg.
Proof. The case k ¼ 0 is trivial. For k d 1, we will proceed by induction on k.
The case k ¼ 1 follows from the proof of Proposition 2.3 and the fact that of the
four points in question, two are poles (of adjacent blocks) and two are not.
Assume that k > 1, and let W ¼ B V B 0 . Let D 0 be a block of Xb such that
hðqB 0 Þ ¼ qD 0 ; then V ¼ D V D 0 , where hðqW Þ ¼ qV . Recall that for all y A R we
have Qy ðW ; BÞ ¼ Qay ðW ; B 0 Þ. By induction,
hðQka ðW ; BÞÞ ¼ hðQaka ðW ; B 0 ÞÞ
¼ hðQðk1Þa ðW ; B 0 ÞÞ A fQðk1Þb ðV ; D 0 Þ; Qpðk1Þb ðV ; D 0 Þg
¼ fQkb ðV ; DÞ; Qpþkb ðV ; DÞg:
Similarly,
hðQpþka ðW ; BÞÞ ¼ hðQpðk1Þa ðW ; B 0 ÞÞ A fQðk1Þb ðV ; D 0 Þ; Qpðk1Þb ðV ; D 0 Þg
¼ fQkb ðV ; DÞ; Qpþkb ðV ; DÞg:
We can now assume that the ﬁrst statement of the proposition holds in all walls of
B. Passing to the closure of these sets and referring to Proposition 2.2 we conclude
that
hðLka ðqBÞ U Lpka ðqBÞÞ H Lkb ðqDÞ U Lpkb ðqDÞ:

ð1Þ

The second statement of the proposition now follows because h takes qW homeomorphically to qV .
Let B be a block of Xa . For every integer k d 0, let Sk ðqBÞ denote the set
Lka ðqBÞ U Lpka ðqBÞ, and SðqBÞ ¼ 6kd0 Sk . Then Equation (1) above implies the
following result.
Corollary 2.5. For every block B, the sets Sk ðqBÞ are each preserved by a homeomorphism of the boundary, for all k d 0. Thus SðqBÞ is also invariant.
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The rational case

When a is a rational multiple of p, each longitude of a block boundary meets SðqBÞ
in ﬁnitely many points.
Proposition 3.1. If a ¼ pp=q, where ðp; qÞ ¼ 1, then any longitude of qB meets the set
SðqBÞ in q þ 1 distinct points.
Proof. Throughout, let 1 denote congruence modulo 2p. First note that for all
k A Z we have kðp=qÞ 1Gsðp=qÞ for some 0 c s c q: Letting k ¼ qd þ r, where
d; r A Z and 0 c r < q, we see that kðp=qÞ ¼ dp þ rðp=qÞ, which is congruent to
rðp=qÞ or p þ rðp=qÞ depending on whether d is even or odd. Furthermore,
p þ rðp=qÞ 1Gðp  rðp=qÞÞ 1Gðq  rÞðp=qÞ, where 0 < q  r c q. Next note that
since a ¼ pðp=qÞ, then for all k A Z we have ka 1Gsa for some s with 0 c s c q.
Thus to prove the proposition, it su‰ces to show that

 

6 Lka ðqBÞ U
6 Lpka ðqBÞ ¼ 6 Lkðp=qÞ ðqBÞ;
0ckcq

0ckcq

0ckcq

as the former set would account for all of SðqBÞ and the latter set clearly comprises
q þ 1 distinct latitudes in qB. Recall that if y 1Gf, then Ly ðqBÞ ¼ Lf ðqBÞ.
J: For all k we can write ka ¼ kpðp=qÞ 1Gsðp=qÞ for some s with 0 c s c q, and


 
 
kp
p
p
p  ka ¼ 1 
p ¼ ðq  kpÞ
1Gs
q
q
q
for some 0 c s c q.
K: Since ð p; qÞ ¼ 1, there are integers m and n such that mq þ np ¼ 1, and hence
mp þ na ¼ p=q. Thus
 
p
k
¼ kmp þ kna 1Gsa or Gðp  saÞ
q
for some s with 0 c s c q, depending on whether km is even or odd.
Note that longitudes of qB which lie in wall boundaries are topologically distinguished by the fact that they alone contain exactly three poles: the endpoints
(which are poles of qB) and a point in the interior (which is a pole of an adjacent
block). The pole in the interior will lie in La ðqBÞ or Lpa ðqBÞ, and hence is separated from the endpoints by p  1 non-pole elements of SðqBÞ on one side and
ðq  2Þ  ðp  1Þ non-pole elements of SðqBÞ on the other. See Figure 2. This arrangement is preserved by a homeomorphism. In this way we see that both p and q
are topological invariants of qXa when a ¼ pp=q is a rational multiple of p, and this
proves the theorem in this case:
Theorem 3.2. If a and b are both rational multiples of p and qXa A qXb , then a ¼ b.
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Figure 2. a ¼ 37 p, p ¼ 3, q ¼ 7

4 The irrational case
When a is an irrational multiple of p, then the sets Sk , k d 0, are dense in a block
boundary. In particular, each longitude meets SðqBÞ in a dense countable subset. We
can immediately conclude that qXa and qXb cannot be homeomorphic if a is a rational multiple of p and b an irrational multiple. The method used before of counting
points of SðqBÞ in a longitude will no longer su‰ce to distinguish between di¤erent
irrational multiples of p, and we must examine a more subtle property of their conﬁguration.
Note that for every longitude L of qB and every k d 0, the set
L V Sk ðqBÞ ¼ L V ðLka ðqBÞ U Lpka ðqBÞÞ
contains exactly two points, one in the upper half of L and the other in the lower half.
Thus our choice of a induces a non-standard ordering of the non-negative integers Zþ
as follows. Let f : Zþ ! L be the function taking k to the unique point in the upper
half of L (i.e. at distance at most p2 from Q0 ) in Sk ðqBÞ. For all integers k; l d 0, write
k 0a l if and only if dqB ðQ0 ; f ðkÞÞ < dqB ðQ0 ; f ðlÞÞ. Note that 0 0a k for all k > 0.
The linear order 0a does not depend on our choice of block B or longitude L. Alternatively, we could have used the lower half of L in deﬁning the induced ordering.
This would have yielded the exact reversal of 0a . Thus we can consider 0a as being
well deﬁned up to reversal.
Proposition 4.1. Let a and b be irrational multiples of p. Then any homeomorphism
h : qXa ! qXb preserves the induced ordering of Zþ up to reversal. That is, 0b either
agrees with 0a or is its exact reversal.
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Proof. Let B be a block of qXa , L a longitude of qB, and let Lþ and L denote its
upper half and lower half respectively. Then hðLÞ ¼ L 0 is a longitude of hðqBÞ. Since h
preserves the sets Sk ðqBÞ, then Lþ is taken homeomorphically to an arc in L 0 containing an endpoint of L 0 and exactly one point in L 0 V ðLkb ðhðqBÞÞ U Lpkb ðhðqBÞÞÞ
for all k d 0, i.e. either L 0þ or L 0 . In the ﬁrst case the ordering is preserved; in the
second it is exactly reversed.
Proposition 4.2. Let a and b be irrational multiples of p. If 0a and 0b are the same up
to reversal, then a ¼ b.
To prove this, we need a lemma:
Lemma 4.3. If a; b are irrational numbers such that 0 < a < b < 12 , then there are integers j > 2 and n such that
n1
n
n
<a< <b<
:
j2
j
j2
Proof. Let j d 1 be the least integer such that ½a; b contains an element of
fn=j : n an integerg. Since a and b are irrational we have a < n=j < b. Since
0 < n=j < 12 we also have j > 2n d 2. Note that ðn  1Þ=ð j  2Þ and n=ð j  2Þ do not
lie in ½a; b by the minimality of j. Since n=j < n=ð j  2Þ we have b < n=ð j  2Þ.
Similarly, a > ðn  1Þ=ð j  2Þ, since
j > 2n ) jn  j < jn  2n ) jðn  1Þ < nð j  2Þ )

n n1
>
:
j
j2

Proof of Proposition 4.2. Suppose instead that a < b, and let a ¼ a=p, b ¼ b=p. Then
0 < a < b < 12 and so there are integers j > 2 and n such that
n1
n
n
<a< <b<
:
j2
j
j2
Setting k ¼ j  1 we have k > 1 and
n1
n
n
<a<
<b<
:
k1
kþ1
k1
Thus
ðn  1Þp
np
np
<a<
<b<
:
k1
kþ1
k1
The ﬁrst and second inequalities in Equation (2) imply that
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ðn  1Þp þ a < ka < np  a:

ð3Þ

The third and fourth inequalities imply that
np  b < kb < np þ b:

ð4Þ

Pictorially, a point with label ka lies in the equatorial band, and a point with label kb
lies in a polar cap. Thus Equation (3) yields that 0 0a 1 0a k, whereas Equation (4)
yields that 0 0b k 0b 1, so that these orderings are not equivalent up to reversal, a
contradiction.
When a is an irrational multiple of p, then it induces an ordering of Zþ that is a
topological property of qXa and that is unique to a. This proves the theorem in this
case:
Theorem 4.4. Let a and b be irrational multiples of p. If qXa A qXb , then a ¼ b.

References
[1] F. Ancel and J. Wilson. Optics in Croke and Kleiner spaces. Preprint (2003).
[2] M. Bridson and A. Haeﬂiger. Metric spaces of non-positive curvature (Springer-Verlag,
1999).
[3] P. Bowers and K. Ruane. Boundaries of nonpositively curved groups of the form G  Z n .
Glasgow Math. J. 38 (1996), 177–189.
[4] R. Charney and M. Davis. When is a Coxeter system determined by its Coxeter group? J.
London Math. Soc. (2) 61 (2000), 441–461.
[5] C. Croke and B. Kleiner. Spaces with nonpositive curvature and their ideal boundaries.
Topology 39 (2000), 549–556.
[6] M. Davis. Nonpositive curvature and reﬂection groups. Lectures at Geometric Topology
Workshop, Milwaukee (1994).
[7] A. N. Dranishnikov. On boundaries of hyperbolic Coxeter groups. Topology Appl. 110
(2001), 29–38.
[8] E. Ghys and P. de la Harpe (eds.). Sur les groupes hyperboliques d’après Mikhael Gromov
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